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Abstract In this paper, a mathematical model for the unsteady stagnation point flow of a linear
viscoelastic fluid bounded by a stretching/shrinking sheet is presented. The developed equations are used
to discuss the problem of two-dimensional and axisymmetric flows in the region of the stagnation point
over a stretching/shrinking sheet and an axisymmetric shrinking sheet. The nonlinear partial differential
equations are transformed to ordinary differential equations, first taking boundary layer approximations
into account and then using similarity transformations. The resulting nonlinear problems are solved by
a homotopy analysis approach. The significant features of the obtained series solutions are discussed
by graphs. To the best of our knowledge, the homotopy analysis method solution for unsteady linear
viscoelastic fluid over a stretching/shrinking sheet with stagnation point flow is presented for the first
time in the literature.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
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It has now been realized that non-Newtonian fluids are
more appropriate in describing flow phenomenon in industrial
and engineering applications. Such fluids do not possess a
linear relationship between stress and rate of strain. The
equations of non-Newtonian fluids are more nonlinear than
Navier–Stokes equations. The order of involved differential
equations exceeds because of viscoelasticity in the open
literature [1,2]. Analytic/exact solutions for flows of non-
Newtonian fluids are scarce.
Himenz [3] initiated study of stagnation point flow. He
used Navier–Stokes equations for two-dimensional plane flow.
Homann [4] analyzed the axisymmetric situation. Later, several
authors [5–20] extensively investigated the analysis of stagna-
tion point flows under various aspects. Very recently,Wang [17]
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towards a shrinking surface. He used Navier–Stokes equations
and presented the numerical solutions. To our knowledge, the
unsteady stagnation flow of a linear viscoelastic fluid model
over a shrinking surface has not been discussed so far. There-
fore, the main objective of the present paper is to extend the
analysis ofWang [17] from a viscous to a linear viscoelastic fluid
model and to analyze such a flow situation in detail. Here, we
consider two-dimensional and axisymmetric cases. The series
solutions are derived in each case by a homotopy method in
open literature [21–36] and the effects of physical flow param-
eters are discussed.
2. Development of the problem
Let us choose the Cartesian coordinate system by con-
sidering u, v and w as the velocity components in x, y and
z-directions. We investigate the unsteady stagnation flow of
a linear viscoelastic fluid model. The flow is represented by
u = ax, w = −az. Velocities subjected to a stretching surface
are u = b(x+ c), w = 0. The flow is governed by the following
equations:
∂u
∂x
+ ∂v
∂y
+ ∂w
∂z
= 0, (1)
evier B.V. Open access under CC BY-NC-ND license.
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a Strength of the stagnation flow
b > 0 Stretching rate
b < 0 Shrinking rate
−c Location of the stretching origin
η Independent dimensionless parameter
ξ Independent dimensionless parameter
τ Independent dimensionless parameter
β Non-dimensional parameter
ρ Density of fluid
υ Kinematic viscosity
λ Ratio of relaxation to retardation times
λ1 Retardation time
α > 0 Non-dimensional stretching parameter
α < 0 Non-dimensional shrinking parameter
f Dimensionless velocity component
h Dimensionless velocity component
g Dimensionless velocity component
l Dimensionless velocity component
u Velocity component in x direction
v Velocity component in y direction
w Velocity component in z direction.
∂u
∂t
+ u∂u
∂x
+ w∂u
∂z
= − 1
ρ
∂p
∂x
+ υ
(1+ λ)
∂2u
∂z2
+ υλ1
(1+ λ)
×

∂3u
∂t∂z2
+ u ∂
3u
∂x∂z2
+ ∂w
∂z
∂2u
∂z2
+ ∂u
∂z
∂2u
∂x∂z
+ w∂
3u
∂z3

. (2)
3. Two-dimensional case
Defining the following Wang [17] variables:
η(ξ, z) =

a
υξ
z, u = axf ′ (ξ , η)+ bch (ξ , η) ,
v = 0, w = −aυξ f (ξ , η), (3)
ξ = 1− e−τ , τ = at. (4)
Eq. (1) is automatically satisfied and Eq. (2) yields:
{ξ − β(1− ξ)} f ′′′ + ηξ(1+ λ)(1− ξ)
2
f ′′
− ξ 2 (1+ λ) (1− ξ)∂ f
′
∂ξ
+ ξ 2 (1+ λ) −f ′2 + f f ′′
+ ξ 2 (1+ λ)+ β(1− ξ)

ξ
∂ f ′′′
∂ξ
− ηf
IV
2

+βξ f ′′2 − f f IV  = 0, (5)
{ξ − β(1− ξ)} h′′ + ηξ(1+ λ)(1− ξ)
2
h′
− ξ 2 (1+ λ) (1− ξ) ∂h
∂ξ
+ ξ 2 (1+ λ) −f ′ h+ f h′
+β(1− ξ)

ξ
∂h′′
∂ξ
− ηh
′′′
2

+βξ h f ′′′ + f ′′ h′ − f ′ h′′ − f h′′′ = 0, (6)
with β = aλ1; prime shows differentiation with respect to η.The boundary conditions of this problem are given by:
f (0) = 0, f ′(0) = b/a = α,
f ′(∞) = 1, h(0) = 1, h(∞) = 0. (7)
4. Unsteady axisymmetric stagnation flow
Employing the Wang [17] transformations:
η (ξ, z) =

a
υξ
z, u = axg ′ (ξ , η)+ bcl(ξ , η),
v = ayg ′ (ξ , η) , w = −2aυξg(ξ , η). (8)
Eq. (2) provides the following equations:
{ξ − β(1− ξ)} g ′′′ + ηξ(1+ λ)(1− ξ)
2
g ′′
− ξ 2 (1+ λ) (1− ξ)∂g
′
∂ξ
+ ξ 2 (1+ λ) −g ′2 + 2gg ′′
+ ξ 2 (1+ λ)+ β(1− ξ)

ξ
∂g ′′′
∂ξ
− ηg
IV
2

+βξ g ′′2 − g ′g ′′′ − 2gg IV  = 0, (9)
{ξ − β(1− ξ)} l′′ + ηξ(1+ λ)(1− ξ)
2
l′
− ξ 2 (1+ λ) (1− ξ) ∂ l
∂ξ
+ ξ 2 (1+ λ) − g ′l+ 2gl′
+β(1− ξ)

ξ
∂ l′′
∂ξ
− ηl
′′′
2

+βξ lg ′′′ + g ′′l′ − 2g ′l′′ − 2gl′′′ = 0. (10)
The appropriate boundary conditions are:
g(0) = 0, g ′(0) = b/a = α,
g ′(∞) = 1, l(0) = 1, l(∞) = 0. (11)
5. Series solutions
5.1. Two-dimensional case
This section deals with the series solution of a nonlinear
problem consisting of Eqs. (5)–(7). For that, initial approxima-
tions, f01, h02, and auxiliary linear operators, L01 and L02, are
given by:
f01 (η) = (1− α) (exp(−η)− 1)+ η, (12)
h02 (η) = exp(−η), (13)
L01

⌢
f (η, ξ ; p)

= ∂
3
⌢
f (η, ξ ; p)
∂η3
+ ∂
2
⌢
f (η, ξ ; p)
∂η2
, (14)
L02

⌢
h (η, ξ ; p)

= ∂
2 ⌢h (η, ξ ; p)
∂η2
+ ∂
⌢
h (η, ξ ; p)
∂η
. (15)
The defined operators satisfy the properties given below:
L01

C1 + C2η + C3e−η
 = 0, (16)
L02

C4 + C5e−η
 = 0, (17)
where Ci (i = 1 − 5) a re arbitrary constants, p ∈ [0, 1] is an
embedding parameter and h¯i (i = 1−2) are non-zero auxiliary
parameters.
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The problems at this order satisfy the following equations
and boundary conditions:
(1− p) L01

⌢
f (η, ξ ; p)− f01 (η)

= p h¯1 N1

⌢
f (η, ξ ; p)

, (18)
(1− p) L02

⌢
h (η, ξ ; p)− h02 (η)

= p h¯2 N2

⌢
h (η, ξ ; p) , ⌢f (η, ξ ; p)

, (19)
⌢
f (0, ξ ; p) = 0, ⌢
′
f (0, ξ ; p) = α,
⌢
′
f (∞, ξ ; p) = 1,
(20)
⌢
h (0, ξ ; p) = 1, ⌢h (∞, ξ ; p) = 0, (21)
where the nonlinear operators are:
N1

⌢
f (η, ξ ; p)

= {ξ − β(1− ξ)} ∂
3
⌢
f (η, ξ ; p)
∂η3
+ ηξ (1+ λ) (1− ξ)
2
∂2
⌢
f (η, ξ ; p)
∂η2
− ξ 2 (1+ λ) (1− ξ)∂
2
⌢
f (η, ξ ; p)
∂η∂ξ
+ ξ 2 (1+ λ)+ β(1− ξ)
×

ξ
∂4
⌢
f (η, ξ ; p)
∂η3∂ξ
− 1
2
η
∂4
⌢
f (η, ξ ; p)
∂η4

+ ξ 2 (1+ λ)
×
−

∂
⌢
f (η, ξ ; p)
∂η
2
+ ⌢f (η, ξ ; p) ∂
2
⌢
f (η, ξ ; p)
∂η2

+βξ


∂2
⌢
f (η, ξ ; p)
∂η2
2
− ⌢f (η, ξ ; p) ∂
4
⌢
f (η, ξ ; p)
∂η4

, (22)
N2

⌢
f (η, ξ ; p) , ⌢h (η, ξ ; p)

= {ξ − β(1− ξ)} ∂
2 ⌢h (η, ξ ; p)
∂η2
+ ηξ (1+ λ) (1− ξ)
2
∂
⌢
h (η, ξ ; p)
∂η
− ξ 2 (1+ λ) (1− ξ)∂
⌢
h (η, ξ ; p)
∂ξ
+β(1− ξ)

ξ
∂3
⌢
h (η, ξ ; p)
∂η2∂ξ
− 1
2
η
∂3
⌢
h (η, ξ ; p)
∂η3

+ ξ 2 (1+ λ)

− ⌢h (η, ξ ; p) ∂
⌢
f (η, ξ ; p)
∂η+ ⌢f (η, ξ ; p) ∂
⌢
h (η, ξ ; p)
∂η

+βξ

⌢
h (η, ξ ; p) ∂
3
⌢
f (η, ξ ; p)
∂η3

+βξ

∂
⌢
h (η, ξ ; p)
∂η
∂2
⌢
f (η, ξ ; p)
∂η2
− ∂
⌢
f (η, ξ ; p)
∂η
∂2
⌢
h (η, ξ ; p)
∂η2
− ⌢f (η, ξ ; p) ∂
3 ⌢h (η, ξ ; p)
∂η3
 , (23)
mth order deformation problems
The problems here are of the form:
L01 [fm (η, ξ)− χmfm−1 (η, ξ)] = h¯1 R1m (η, ξ) , (24)
L02 [hm (η, ξ)− χmhm−1 (η, ξ)] = h¯2 R2m (η, ξ) , (25)
fm (0) = 0, f ′m (0) = 0, f ′m (∞) = 0,
hm (0) = 0, hm (∞) = 0, (26)
R1m (η, ξ) = {ξ − β(1− ξ)} ∂
3fm−1
∂η3
+ ηξ (1+ λ) (1− ξ)
2
∂2fm−1
∂η2
− ξ 2 (1+ λ) (1− ξ)∂
2fm−1
∂η∂ξ
+β(1− ξ)

ξ
∂4fm−1
∂η3∂ξ
− 1
2
η
∂4fm−1
∂η4

+ ξ 2 (1+ λ)
m−1
k=0
fm−1−kf ′′k + ξ 2 (1+ λ)
× (1− χm)− ξ 2 (1+ λ)
m−1
k=0
f ′m−1−kf
′
k
+βξ

m−1
k=0
f ′′m−1−kf
′′
k −
m−1
k=0
fm−1−kf ′′′′k

, (27)
R2m (η, ξ) = {ξ − β(1− ξ)} ∂
2hm−1
∂η2
+ ηξ (1+ λ) (1− ξ)
2
× ∂hm−1
∂η
− ξ 2 (1+ λ) (1− ξ)∂hm−1
∂ξ
+β(1− ξ)

ξ
∂3hm−1
∂η2∂ξ
− 1
2
η
∂3hm−1
∂η3

+ ξ 2 (1+ λ)
×

m−1
k=0
fm−1−kh′k −
m−1
k=0
hm−1−kf ′k

+βξ

m−1
k=0
hm−1−kf ′′′k +
m−1
k=0
h′m−1−kf
′′
k
−
m−1
k=0
f ′m−1−kh
′′
k −
m−1
k=0
fm−1−kh′′′k

, (28)
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
0, m ≤ 1,
1, m > 1. (29)
By symbolic computation software, Mathematica, the solutions
can be put in the form:
f (η, 1) =
∞
m=0
fm (η, 1)
= lim
M→∞

M
m=0
a0m,0 +
2M+1
n=1
e−(n+1)η
×

2M
m=n−1
2m+1−n
k=1
akm,nη
k−1

, (30)
h (η, 1) =
∞
m=0
hm (η, 1) = lim
M→∞

2M+1
n=1
e−(n+1)η
×

2M
m=n−1
2m+1−n
k=1
ckm,nη
k−1

, (31)
where coefficients aqm,n and c
q
m,n of fm (η, 1) and hm(η, 1) can be
computed by using boundary conditions in Eq. (7) and initial
guess approximations in Eqs. (12) and (13).
5.2. Axisymmetric case
The initial approximations and auxiliary operators for this
case are:
g03 (η) = (1− α) (exp(−η)− 1)+ η, (32)
l04 (η) = exp(−η), (33)
L03

⌢
g (η, ξ ; p)

= ∂
3 ⌢g (η, ξ ; p)
∂η3
+ ∂
2 ⌢g (η, ξ ; p)
∂η2
, (34)
L04

⌢
l (η, ξ ; p)

= ∂
2 ⌢l (η, ξ ; p)
∂η2
+ ∂
⌢
l (η, ξ ; p)
∂η
, (35)
L03

C6 + C7η + C8e−η
 = 0, (36)
L04

C9 + C10e−η
 = 0, (37)
where Ci (i = 6− 10) are arbitrary constants and the problems
at the zeroth andmth orders are as follows.
Zeroth order deformation problems
(1− p) L03

⌢
g (η, ξ ; p)− g03 (η)

= p h¯3 N3

⌢
g (η, ξ ; p)

, (38)
(1− p) L04

⌢
l (η, ξ ; p)− l04 (η)

= p h¯4 N4

⌢
l (η, ξ ; p) , ⌢g (η, ξ ; p)

, (39)
⌢
g (0; p) = 0, ⌢
′
g (0; p) = α, ⌢
′
g (∞; p) = 1, (40)
⌢′
l (0; p) = 1, ⌢
′
l (∞; p) = 0, (41)
N3

⌢
g (η, ξ ; p)

= {ξ − β(1− ξ)} ∂
3 ⌢g (η, ξ ; p)
∂η3
+ ηξ (1+ λ) (1− ξ)
2
∂2
⌢
g (η, ξ ; p)
∂η2
− ξ 2 (1+ λ) (1− ξ) ∂
2 ⌢g (η, ξ ; p)
∂η∂ξ
+β(1− ξ)

ξ
∂4
⌢
g (η, ξ ; p)
∂ξ∂η3
− 1
2
η
∂4
⌢
g (η, ξ ; p)
∂η4
+ ξ 2 (1+ λ)+ ξ 2 (1+ λ)
×
−

∂
⌢
g (η, ξ ; p)
∂η
2
+ 2 ⌢g (η, ξ ; p) ∂
2 ⌢g (η, ξ ; p)
∂η2

+βξ


∂2
⌢
g (η, ξ ; p)
∂η2
2
− ∂
⌢
g (η, ξ ; p)
∂η
∂3
⌢
g (η, ξ ; p)
∂η3
− 2 ⌢g (η, ξ ; p) ∂
4 ⌢g (η, ξ ; p)
∂η4
 , (42)
N4

⌢
g (η, ξ ; p) , ⌢l (η, ξ ; p)

= {ξ − β(1− ξ)}
× ∂
2 ⌢l (η, ξ ; p)
∂η2
+ ηξ (1+ λ) (1− ξ)
2
∂
⌢
l (η, ξ ; p)
∂η
− ξ 2 (1+ λ) (1− ξ) ∂
⌢
l (η, ξ ; p)
∂ξ
+β(1− ξ)

ξ
∂3
⌢
l (η, ξ ; p)
∂ξ∂η2
− 1
2
η
∂3
⌢
l (η, ξ ; p)
∂η3

+ ξ 2 (1+ λ)
− ⌢l (η, ξ ; p) ∂
⌢
g (η, ξ ; p)
∂η
+ 2 ⌢g (η, ξ ; p) ∂
⌢
l (η, ξ ; p)
∂η

+βξ

⌢
l (η, ξ ; p) ∂
3 ⌢g (η, ξ ; p)
∂η3

+βξ

∂
⌢
l (η, ξ ; p)
∂η
∂2
⌢
g (η, ξ ; p)
∂η2
− 2 ∂
⌢
g (η, ξ ; p)
∂η
∂2
⌢
l (η, ξ ; p)
∂η2
− 2 ⌢g (η, ξ ; p) ∂
3 ⌢l (η, ξ ; p)
∂η3

, (43)
mth order deformation problems
L03 [gm (η, ξ)− χmgm−1 (η, ξ)] = h¯3 R3m (η, ξ) , (44)
L04 [lm (η, ξ)− χmlm−1 (η, ξ)] = h¯4 R4m (η, ξ) , (45)
gm (0) = 0, g ′m (0) = 0, g ′m (∞) = 0,
lm (0) = 0, lm (∞) = 0, (46)
R3m (η, ξ) = {ξ − β(1− ξ)} ∂
3gm−1
∂η3
+ ηξ (1+ λ) (1− ξ)
2
∂2gm−1
∂η2
− ξ 2 (1+ λ) (1− ξ)∂
2gm−1
∂η∂ξ
+ ξ 2 (1+ λ) (1− χm)+ β(1− ξ)
×

ξ
∂4gm−1
∂η3∂ξ
− 1
2
η
∂4gm−1
∂η4

+ 2ξ 2 (1+ λ)
m−1
k=0
gm−1−kg ′′k
− ξ 2 (1+ λ)
m−1
k=0
g ′m−1−kg
′
k
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+ βξ

m−1
k=0
g ′′m−1−kg
′′
k −
m−1
k=0
g ′m−1−kg
′′′
k
− 2
m−1
k=0
gm−1−kg ′′′′k

, (47)
R4m (η, ξ) = {ξ − β(1− ξ)} ∂
2lm−1
∂η2
+ ηξ (1+ λ) (1− ξ)
2
∂ lm−1
∂η
− ξ 2 (1+ λ) (1− ξ)∂ lm−1
∂ξ
+ ξ 2 (1+ λ)
×

m−1
k=0
−lm−1−kg ′k + 2
m−1
k=0
gm−1−kl′k

+β(1− ξ)

ξ
∂3lm−1
∂η2∂ξ
− 1
2
η
∂3lm−1
∂η3

+βξ

m−1
k=0
lm−1−kg ′′′k +
m−1
k=0
l′m−1−kg
′′
k
− 2
m−1
k=0
g ′m−1−kl
′′
k − 2
m−1
k=0
gm−1−kl′′′k

. (48)
Finally, the solutions are:
g (η, 1) =
∞
m=0
gm (η, 1)
= lim
M→∞

M
m=0
a0m,0 +
2M+1
n=1
e−(n+2)η
×

2M
m=n−1
2m+1−n
k=0
akm,nη
k−1

, (49)
l (η, 1) =
∞
m=0
lm (η, 1)
= lim
M→∞

2M+1
n=1
e−(n+2)η

2M
m=n−1
2m+1−n
k=0
ckm,nη
k−1

, (50)
where all coefficients appearing in the above equations can be
computed by the procedure in the previous subsection.Figure 2: h¯-curve of h for two-dimensional case.
Figure 3: h¯-curve of g for axisymmetric flow.
Figure 4: h¯-curve of l for axisymmetric flow.
6. Convergence of the analytic solution
The analytic series solutions presented in Eqs. (30), (31),
(49) and (50) contain non-zero auxiliary parameters, h¯i (i =
1 − 4), which can adjust and control the convergence of the
solutions. As pointed out by Liao [21], to ensure the convergence
of the solutions in the admissible range of the values of the
auxiliary parameters, h¯i, one can draw h¯ curves. For the present
cases, the h¯i-curves are plotted for 20th order approximations.
Figures 1 and 2 are the h¯-curves for two-dimensional unsteady
stagnation flow, while Figures 3 and 4 are for axisymmetric
stagnation flow. It is seen from these figures that the ranges for
the admissible values of h¯i are:
−1.6 ≤ h¯1 ≤ −0.6, −1.6 ≤ h¯2 ≤ −0.5,
−1.6 ≤ h¯3 ≤ −0.5 and − 1.4 ≤ h¯4 ≤ −0.5.
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Figure 6: Influence of stretching parameter α on h for two-dimensional case.
Figure 7: Influence of shrinking parameter α on f ′ for two-dimensional case.
7. Results and discussion
The velocities, f ′ and h, for a two-dimensional case are
plotted in Figures 5–14. The non-dimensional velocity, f ′ and
h, against η for different values of stretching, α > 0 (shrinking
α < 0), are displayed in Figures 5–8. Here, f ′ increases with an
increase in stretching parameter (α > 0), whereas h decreases
with an increase in α (see Figures 5 and 6). The results are quite
opposite for the case of shrinking (α < 0), which are shown
in Figures 7 and 8. The effects of non-dimensional parameter β
on f ′ and h are depicted in Figures 9 and 10. It is noticed that
for large β, both f ′ and h decrease. The behaviours of ξ on f ′
and h are shown in Figures 10 and 11, which give an increase
in f ′ and h with an increase in ξ . Figures 13 and 14 indicateFigure 8: Influence of shrinking parameter α on h for two-dimensional case.
Figure 9: Influence of non-dimensional parameter β on f ′ for two-dimensional
case.
Figure 10: Influence of non-dimensional parameter β on h for two-
dimensional case.
an increase in f ′ and a decrease in h with an increase in non-
dimensional parameter λ. Figures 15–24 are shown for g ′ and l
against η for various values ofα, β, ξ and λ for an axisymmetric
case. It is shown that g ′ increases with an increase in stretching
parameter α, whereas l decreases with an increase in α (see
Figures 15 and 16). The behaviour of g ′ and l for the shrinking
case is opposite to that of the stretching case (see Figures 17 and
18). The effects of non-dimensional parameter β on g ′ and l are
sketched in Figures 19 and 20. It is found that with an increase
inβ, g ′ decreases, but l increases. The behaviours of ξ on g ′ and l
are shown in Figures 21 and 22, which give an increase in g ′ and
a decrease in hwith an increase in ξ . Figures 23 and 24 indicate
Y. Khan et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1541–1549 1547Figure 11: Influence of time ξ on f ′ for two-dimensional case.
Figure 12: Influence of time ξ on h for two-dimensional case.
Figure 13: Influence of λ on f ′ for two-dimensional case.
Figure 14: Influence of λ on h for two-dimensional case.Figure 15: Influence of stretching parameter α on g ′ for axisymmetric case.
Figure 16: Influence of stretching parameter α on l for axisymmetric case.
Figure 17: Influence of shrinking parameter α on g ′ for axisymmetric case.
Figure 18: Influence of shrinking parameter α on l for axisymmetric case.
1548 Y. Khan et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1541–1549Figure 19: Influence of non-dimensional parameter β on g ′ for axisymmetric
case.
Figure 20: Influence of non-dimensional parameter β on l for axisymmetric
case.
Figure 21: Influence of time ξ on g ′ for axisymmetric case.
Figure 22: Influence of time ξ on l for axisymmetric case.Figure 23: Influence of λ on g ′ for axisymmetric case.
Figure 24: Influence of λ on l for axisymmetric case.
an increase in g ′ and a decrease in l with an increase in non-
dimensional parameter λ.
8. Concluding remarks
In this paper, stagnation flow of an unsteady linear
viscoelastic fluid model due to a stretching/shrinking sheet is
considered. The series solutions valid for both two-dimensional
and axisymmetric shrinking sheets are obtained using a
homotopy analysis method, and the convergence of the results
is shown. The results are presented graphically and the effects
of the parameters are discussed.
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